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A twisted diagram of groups assigns a group to every object of an indexing category
and a homomorphism of groups to every morphism. However, it does not have to be
completely functorial — it preserves composition only up to a compatible family of
inner automorphisms. A. Haefliger defined a special case: the complex of groups. We
prove that there exists a natural bijective correspondence between equivalence classes
of epimorphisms of twisted diagrams of groups and elements of the second cohomology
group of a certain small category. If this category is defined by a discrete group, then we
obtain the well known classification of extensions of groups.
© 2011 Elsevier B.V. All rights reserved.
0. Introduction
The main goal of the paper is to extend the classical relation between group cohomology and extensions of groups from
single groups to (twisted) diagrams of groups, in particular to complexes of groups introduced by Haefliger; see [2,6]. We
begin with a description of the classical situation that is suitable for generalizations.
Assume that G, N are discrete groups and φ : G −→ Out (N) := Aut (N,N)/Inn (N) is a homomorphism. One asks
whether φ comes from an extension N  G  G. This is the case if a certain obstruction element o(φ) ∈ H3(G; Z(N))
vanishes, where Z(N) is the center of N . Then equivalence classes of extensions are in bijective correspondence with
elements of H2(G; Z(N)) or equivalently with twisted actions of G on N , where the twisting is defined by the corresponding
cocycle. For detailed discussion see [3,9].
Instead of single groups we shall consider twisted diagrams of groups modelled on a small category. A twisted
diagram of groups assigns to every object c of an indexing category C a group G(c) and to every morphism c −→ c ′
a homomorphism G(c) −→ G(c ′); however it does not have to be completely functorial—it preserves composition only
up to a compatible family of inner automorphisms. For a precise definition and examples see Section 1. Let Gr denote
the category of groups, and Rep the category whose objects are groups and whose morphisms are representations, that
is MorRep(G,H) := Hom (G,H)/Inn (H). Then any twisted diagram of groups composed with the projection Gr −→ Rep
gives a strict functor C −→ Rep .
We shall begin with the question of when a functor F : C −→ Rep lifts to a twisted diagram of groups F : C −→ Gr
and howmany such liftings exist. The answer will be given in terms of cohomology of the small categoryC with coefficients
in a certain functor to the category of abelian groups ZF : C −→ Ab.
Theorem 2.11 To every functor F : C −→ Rep one assigns in a natural way an obstruction element o(F) ∈ H3(C; ZF ) such
that o(F) = 0 if and only if the functor F has a lifting to a twisted diagram of groups F : C −→ Gr . Moreover, equivalence
classes of such liftings are in bijective correspondence with elements of the group H2(C; ZF ).
Note that ifC is a category defined by a groupG, then Theorem 2.11 reduces to the classical case described above. In order
to formulate the extension problem for twisted diagrams of groups we need to introduce further definitions. With each
twisted diagram G : C −→ Gr one associates its classifying categoryBG equipped with a projection functorBG −→ C.
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Theorem 3.5 There is a natural bijective correspondence between equivalence classes of epimorphisms G −→ G and
equivalence classes of twisted diagrams of groups defined on the categoryBG.
Nowwe can generalize the extension problem from groups to twisted diagrams of groups. Let G : C −→ Gr be a twisted
diagram of groups and F : BG −→ Rep be a functor. Does there exist an epimorphismG −→ G such that the corresponding
twisted diagramBG −→ Gr is a lifting of F? The next statement is a corollary from Theorems 2.11 and 3.5:
Theorem 3.6 Let G : C −→ Gr be a twisted diagram of groups and let F : BG −→ Rep be a functor. If an obstruction
element o(F) ∈ H3(BG; ZF ) vanishes then there is an epimorphism G −→ G such that the corresponding twisted diagram
BG −→ Gr is a lifting of F . Moreover, the set of equivalence classes of such epimorphisms is in natural bijective correspondence
with elements of H2(BG; ZF ).
Note that the last theorem contains as special cases theorems of Haefliger concerning extensions of complexes of groups
with abelian kernels (Thm. 5.2. [7]) and with locally constant (not necessary abelian) kernels (Thm. 6.3. [7]). The reason that
we can provide a unified approach to those results, and prove amore general theorem, is that we consider twisted diagrams
over arbitrary small categories, and also with loops, whereas Haefliger works with complexes of groups defined on so-called
scwol’s — small categories without loops.
1. Twisted diagrams of groups
A small category C is a category whose morphisms form a set. If c and c ′ are objects of C and if l is a morphisms of c in
c ′, then c is denoted by i(l) and c ′ by t(l). Two morphisms l and l′ are composable if and only if t(l′) = i(l).
The idea of twisted functors was first introduced by Thomason [10]. He considered ‘‘weak’’ functors F : C → Cat
(he called them ‘‘op-lax functors’’) from an arbitrary small category to the category of small categories. Roughly speaking
a twisted functor or op-lax functor is something less than a functor. It has many properties similar to the properties of
functors, for example the notion of a twisted natural transformation or a Grothendieck construction.
The category of groups could be considered as a subcategory of the category of small categories. This is because every
group G defines a small categoryBGwith one object and morphisms corresponding to G;
BG = ∗ g∈Gz .
Thus one can consider the ‘‘weak’’ functors to the category of groups (we will call them twisted diagrams of groups). In this
section we study the properties of such twisted diagrams.
Definition 1.1. A twisted diagram of groups G : C −→ Gr associates:
1. with each object c ∈ ObC a group G(c);
2. with each morphism l : c −→ c ′ ∈ MorC a homomorphism of groups G(l) : G(c) −→ G(c ′);
3. with two composable morphisms l, l′ ∈ MorC an element gl,l′ ∈ G(t(ll′)) = G(t(l)), called the twisting element, such
that:
(i) Ad (gl,l′)G(ll′) = G(l)G(l′) (Ad (gl,l′) is the conjugation by gl,l′ );
(ii) G(l)(gl′,l′′)gl,l′ l′′ = gl,l′gll′,l′′ for each triple . l
′′
/ . l
′
/ . l / . ∈ MorC of composable morphisms (the
cocycle condition).
A special case of a twisted diagram of groups is a complex of groups defined by A. Haefliger; see [2,6]. The starting point
of Haefliger’s work was the following example. Assume that a group G acts on a simplicial complexX in such a way that the
orbit space X := X/G has a natural simplicial structure and the quotient map q : X → X is simplicial. Simplices of X are
partially ordered by (reverse) inclusion; thus they form a category C. We define a weak functor from C to the category of
groups G : C → Gr by assigning to every simplex c ∈ C first a simplex c˜ ∈ q−1(c) and then its isotropy subgroup Gc˜ . If
c ′ ⊂ c thenwe pick up an element g ∈ G such that c˜ ′ is a face of the simplex gc˜ . We define amonomorphismψc′c : Gc → Gc′
as the composition of the conjugation Ad (g) : Gc˜ → Ggc˜ and the inclusion Ggc˜ ⊂ Gc˜′ . Thus we obtain a ‘‘weak’’ functor
from the category of simplices to the category of groups and monomorphisms. Because of these choices, if we consider the
composition Gc −→ Gc′ −→ Gc′′ then the monomorphism ψc′′c ≠ ψc′′c′ψc′c and differs from it by the conjugation with
an element of the group Gc′′ called the twisting element. These twisting elements satisfy the cocycle condition. Note that
C is a small category such that the only endomorphisms of objects are identities. Such a category is called a small category
without loops or scwol for short.
These considerations led Haefliger in 1990 to his definition of complexes of groups: i.e. ‘‘weak’’ functors defined on
categories related to simplicial complexes with values in the category of groups and monomorphisms.
Proposition 1.2. Let G : C −→ Gr be a twisted diagram of groups. Assume that for each morphism l ∈ MorC the associated
homomorphism of groups is a monomorphism and that C is a small category without loops. Then G determines a complex of
groups defined by Haefliger [2,6].
Proof. The proof is straightforward. Let C be a small category without loops (scwol) and {Gc, ψl, gl,l′} a complex of groups
defined on it. We set G(c) = Gc , G(l) = ψl. The twisting elements of this twisted diagram are the twisting elements of the
complex of groups. 
We present an example of a twisted diagram of groups on a category which contains the non-trivial automorphisms. It
is a twisted diagram of groups associated with an extension of groups.
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Example 1.3. Let N  G η G be an extension of groups and let BG be a category defined by a group G. Choose any set-
theoretical section s : G −→G of η (not necessarily a homomorphism). We define a twisted diagram of groups
F : BG −→ Gr
as follows. We assign to the object of the categoryBG a group N
F (∗) := N.
To each morphism g ∈ MorBG = Gwe assign an automorphism F (g) of the group N given by
Ad (s(g)) : N −→ N.
Note that for two elements g1, g2 ∈ G, the homomorphism F (g1g2) differs from F (g1)F (g2) by the conjugation with the
element s(g1)s(g2)s(g1g2)−1 ∈ N . Hence we set
ng1,g2 = s(g1)s(g2)s(g1g2)−1 ∈ N.
It is clear that the twisting elements corresponding to g1, g2, g3 ∈ G = MorBG satisfy the cocycle condition. Note that
the twisting elements measure to what extent our section fails to be a homomorphism.
A groupoid is a category whose morphisms are all isomorphisms, that is they have inverses. A connected groupoidX is
characterized up to equivalence by any of its vertex groups AutX(x). Given a diagram of groupoids one can associate with
it a twisted diagram of groups.
Example 1.4. Let Grp denote the category of groupoids and let F : C −→ Grp be a functor on a small category C such that
for each c ∈ ObC the groupoid F(c) is connected. For c ∈ ObC we choose an object xc ∈ F(c) and for l ∈ MorC we choose
a morphism kl : F(l)(xi(l)) −→ xt(l) in F(t(l)). We put F (c) := Aut F(c)(xc) and
F (l) := Ad (kl) ◦ F(l) : Aut F(i(l))(xi(l)) −→ Aut F(t(l))(xt(l)).
For two composable morphisms of C the composition F (l)F (l′) differs from F (ll′) by the conjugation with an
automorphism of xt(ll′) ∈ F(t(ll′)). For each triple of composable morphisms l, l′, l′′ these automorphisms satisfy the cocycle
condition. Therefore F : C −→ Gr is a twisted diagram of groups associated with F .
One can generalize the latter observation as follows. Let F : C −→ Cat be a functor; composition with the geometric
realization yields a diagram of topological spaces indexed by C. Assigning the fundamental group to a topological space is
not functorial; however one can prove that it is weakly functorial, namely:
Remark 1.5. The composition
C
F−→ Cat |−|−→ Top π1−→ Gr
gives a twisted diagram of groups on C.
The classifying category of a twisted diagram of groups. The classifying category of a twisted diagram of groups is a
generalization of the category defined by a group and, on the other hand, the classifying category of a complex of groups;
see [2,6].
Definition 1.6. Let G : C −→ Gr be a twisted diagram of groups. The classifying category of a twisted diagram of groups
BG is a small category whose set of objects is ObC and set of morphisms is the set of pairs (g, l) : i(l) −→ t(l) with
l ∈ MorC and g ∈ G(t(l)). The composition (g, l)(h, l′) is defined if i(l) = t(l′) and is equal to
(g, l)(h, l′) = (gG(l)(h)gl,l′ , ll′).
Cocycle condition is equivalent to the associativity of this law of composition.
Remark 1.7. Let G : C −→ Gr be a twisted diagram of groups andBG its classifying category. Then there exists a functor
p : BG −→ C
given by (g, l) −→ lwhich is a bijection on object sets.
Remark 1.8. Let C = ∗ be the category with one object and no morphisms and G : ∗ −→ Gr a twisted diagram of groups.
Then the classifying categoryBG is the category defined by the group G(∗). Let IC : C −→ Gr be a diagram of groups such
that IC(c) = 1. ThenBIC ≃ C.
Remark 1.9. Let C be a category without loops and G : C −→ Gr a twisted diagram of groups. Then BG is the classifying
category of a complex of groups defined in [2,6].
Example 1.10. Consider an extension of groups N  G η G and the twisted diagram of groups F : BG −→ Gr given in
Example 1.3. Then the classifying category of F is isomorphic to the category defined by the groupG
BF ≃ BG
The isomorphism is given by (n, g) −→ ns(g). Moreover, the associated projection p : BF −→ BG (see (1.7)) is given by
Bη : BG −→ BG.
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This notion of a classifying category simplifies many definitions. The homomorphism of a twisted diagrams of groups
is a twisted natural transformation of the corresponding twisted functors. The precise definition of a twisted natural
transformation given in [10] is quite complicated. Using the notion of a classifying category we can define a homomorphism
of twisted diagrams of groups as a commutative diagram of functors.
Definition 1.11. Assume that G : C −→ Gr and G′ : C ′ −→ Gr are twisted diagrams of groups and F : C −→ C ′ is a
functor. A homomorphism φ : G −→ G′ of twisted diagrams of groups is given by a commutative diagram
BG
p

Φ / BG′
p′

C
F
/ C ′
Remark 1.12. Note that for c ∈ ObC we have a homomorphism of the local groups φc = Φ(c) : G(c) −→ G′(F(c)) called
the local homomorphism.
Definition 1.13. We say that twisted diagrams of groups G,G′ : C −→ Gr are equivalent if there exists a homomorphism
φ : G −→ G′ over the identity of C
BG
Φ /
p
 A
AA
AA
AA
A BG
′
p′~||
||
||
||
C
such thatΦ is an isomorphism.
Definition 1.14. We say that twisted diagrams G,G′ : C −→ Gr differ by a coboundary {gl}l∈MorC if for c ∈ ObC the
corresponding groups are equal
G′(c) = G(c)
and for l ∈ MorC there exists an element gl ∈ G(t(l)) such that
G′(l) = Ad (gl) ◦ G(l)
and the twisting elements satisfy
g ′l,l′ = glG(l)(gl′)gl,l′g−1ll′ .
Proposition 1.15. If G and G′ differ by a coboundary, then G and G′ are equivalent twisted diagrams of groups.
Proof. The isomorphismΦ : BG −→ BG′ over the identity of the small category C is given byΦ(g, l) = (gg−1l , l). 
Remark 1.16. Assume that F : BG −→ Gr and F ′ : BG −→ Gr are twisted diagrams of groups associated with
extensions of groups; see Example 1.3. Then F and F ′ are equivalent if and only if the corresponding extensions are
equivalent.
As we have observed, the twisted diagram of groups G : C −→ Gr yields a projection p : BG −→ C. Assume that
we have a functor p : D −→ C; the natural question is that of when it is associated with a twisted diagram of groups
G : C −→ Gr . The next theorem gives an answer.
Theorem 1.17. Let C be a small category. A functor p : D −→ C is associated with a twisted diagram of groups if and only if it
satisfies the following conditions:
1. p : D −→ C is a bijection on object sets and p is onto.
2. The subcategory Gpc := {g ∈ MorD(c, c) : p(g) = id c} ofD is a group.
3. Suppose that l ∈ MorC. By Xl we denote the preimage of l under p, that is Xl = {x ∈ MorD(c, c ′) : p(x) = l}. Then the groups
Gpc , G
p
c′ act on Xl in a natural way:
XlG
p
c′
%
Gpc
y
so g ′x = g ′ ◦ x ∈ MorD(c, c ′) and xg = x ◦ g ∈ MorD(c, c ′). These actions satisfy:• the action of the group Gpc′ is transitive and free;
• for x ∈ Xl there exists a homomorphism ψpx : Gpc −→ Gpc′ given by x ◦ h = ψpx (h) ◦ x.
Proof. These properties are clearly satisfied ifD is the classifying category of a twisted diagram of groupsG : C −→ Gr and
p is the associated projection BG −→ C. To prove the converse, assume that p : D −→ C satisfies the above properties.
Let s : C −→ D be a section of p, i.e. a map such that ps = id C (s does not have to be a functor). We choose s such that for
each object, s(id c) = id c . Then we define a twisted diagram of groups on C as follows:
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1. G(c) = Gpc for c ∈ ObC;
2. G(l) = ψps(l) for l ∈ MorC;
3. elements gl,l′ are uniquely defined by the equality gl,l′s(ll′) = s(l)s(l′) inD .
ThenD is isomorphic to the classifying categoryBG: the isomorphism sends (g, l) to gs(l). Another choice of the section
gives a twisted diagram of groups equivalent to G : C −→ Gr . They differ by a coboundary. 
The following proposition will be very useful in our further considerations. It says roughly that a composition of twisted
diagrams of groups is a twisted diagram of groups.
Proposition 1.18. Assume that r : E −→ D and p : D −→ C satisfy the assertions of Theorem 1.17. Then so does the
composition p ◦ r : E −→ C.
Proof. 1. The composition p ◦ r : E −→ C is clearly onto and it is a bijection on object sets.
2. We will prove that Gprc = (pr)−1(id c) is a group and there exists an extension of the form
Grc  G
pr
c
r
 Gpc .
If y1, y2 ∈ End E (c) such that pr(y1) = pr(y2) = id c then pr(y1y2) = id c . Assume that y ∈ End E (c) such that
pr(y) = id c . Then r(y) ∈ Gpc . The functor r is onto and thus there exists y′ ∈ End E (c) such that r(y′) = (r(y))−1.
Then yy′, y′y ∈ Grc and we define yy′ := g1 and y′y := g2. Thus y ◦ (y′g−11 ) = id c = (g−12 y′) ◦ y and (g−12 y′) =
(g−12 y′) ◦ y ◦ (y′g−11 ) = (y′g−11 ). This proves that (g−12 y′) = (y′g−11 ) = y−1. Therefore Gprc is a group which projects on Gpc
and the kernel of this epimorphism is Grc .
3. Suppose that l ∈ MorC and x ∈ MorD , such that p(x) = l. By Yl we denote the preimage of l under p ◦ r and by Yx the
preimage of x under r , that is Yl = {y ∈ MorE (c, c ′) : p ◦ r(y) = l} and Yx = {y ∈ MorE (c, c ′) : r(y) = x}. Then
Yl =

x∈Xl
Yx,
where Xl = {x ∈ MorD(c, c ′) : p(x) = l}.• Suppose that G′ = Gprc′ . We will prove that G′ acts freely and transitively on Yl.
Assume that g ′y = y for some y ∈ Yl and g ′ ∈ G′. Then there exists x ∈ Xl such that y ∈ Yx. Thus r(g ′)x = x. This
implies r(g ′) = 1 and then g ′ ∈ Grc′ . Then g ′ = 1.
Suppose that y1, y2 ∈ Yl. Then y1 ∈ Yx1 and y2 ∈ Yx2 . We pick g ∈ Gpc′ such that gx1 = x2 and we pick g ′ ∈ Gprc′
such that r(g ′) = g . Then g ′y1 ∈ Yx2 . The group Grc′ acts transitively on Yx2 . This proves that Gprc′ acts transitively on Yl.
• The homomorphism ψpry : Gprc −→ Gprc′ is induced by the following diagram:
Grc
ψ ry

/ / Gprc
ψ
pr
y

/ / Gpc
ψ
p
r(y)

Grc′ / / G
pr
c′
/ / Gpc′

Remark 1.19. Assume that G : C −→ Gr , G : C −→ Gr , F : D −→ Gr are the twisted diagrams of groups associated
respectively with p ◦ r : E −→ C, p : D −→ C, r : E −→ D . Then the following diagram:
E
r

= / E
p◦r

r / D
p

D
p / C
= / C
yields a sequence of homomorphisms of twisted diagrams of groups F −→ G −→ G.
Remark 1.20. For c ∈ ObC there exists an extension of groups
F (c) G(c)  G(c)
which is equivalent to
Grc  G
pr
c
r
 Gpc .
2. Cohomology of small categories and liftings of diagrams of representations to twisted diagrams of groups
Let Ab denote the category of abelian groups. Given a twisted diagram of groups F : C −→ Ab, one can forget about
the twisting elements and consider it as a functor |F | : C −→ Ab. We generalize this observation as follows. The category
of representations Rep is a category whose objects are groups and
MorRep(G,H) := MorGr (G,H)/Inn (H).
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For a given twisted diagram of groups F : C −→ Gr the composition with the natural projection Gr −→ Rep gives
a diagram of representations F : C −→ Rep . The natural question is: when does a diagram of representations lift to a
twisted diagram of groups and howmany such liftings exist? The answer will be given in terms of the cohomology of small
categories; see Theorem 2.11.
Definition 2.1. For a small categoryC we denote byC-mod := Hom (C,Ab) the category of (covariant) functorsC −→ Ab
and we call its elements C-modules. ForM,M ′ ∈ C-mod we denote by Hom C(M,M ′) the set of all morphismsM −→ M ′
in C-mod (i.e. natural transformations).
Let Z : C −→ Ab be a constant C-module given by Z(c) = Z for c ∈ ObC and the identity for l ∈ MorC. The functor
limC = Hom (Z,−) : C −mod −→ Ab is left exact which implies that one can define the derived functors; see [11]. Their
values on the C-moduleM will be denoted as H∗(C;M) and called the nth cohomology of C with coefficients in the module
M . Let P∗ be a projective resolution of the C-module Z. Then by definition of the right derived functor, Hn(C;M) is the nth
cohomology of the cochain complex Hom (P∗,M).
We define the chain complex functor which assigns to an object c ∈ C the chain complex C∗(C/c). The generator of
Cn(C/c) is an n-chain of objects of C/c:
cn
ln−1

<
<<
<<
<<
<<
<<
<<
<<
<<
<
cn−1
ln−2

&LL
LLL
LLL
LLL
LL
...

c l / d
c1
l0

8qqqqqqqqqqqqqq
c0
@
Since the arrows ci −→ c for i < n are determined by the others we may think of this generator as the (n + 1)-chain
[cn −→ cn−1 −→ · · · −→ c0 −→ c] ending in c . Thus Cn(C/c) can be thought of as the free abelian group over the set
of chains [cn −→ · · · −→ c0 −→ c]. Suppose that l : c −→ d. The morphism C∗(C/l) composes the last morphism of the
chain [cn −→ · · · −→ c0 k−→ c]with l yielding [cn −→ · · · −→ c0 lk−→ d].
Proposition 2.2. The functor Cn(C/−) is a projective C-module, for all n ≥ 0. Moreover, the chain complex C∗(C/−) is a
projective resolution in C-mod of the constant functor Z.
Proof. We will denote Cn(C/−) as Cn. We shall prove that for an arbitrary epimorphism M ′ −→ M of C-modules the
induced homomorphism Hom C(Cn,M ′) −→ Hom C(Cn,M) is also an epimorphism. For every C-module M we have a
bijection
Hom C(Cn,M) ≃
∏
[cn−→···−→c0]
M(c0)
Before we give the formula for this map we introduce the notation (m[cn→···→c0]) for an element of the product. Here the
element m[cn→···→c0] ∈ M(c0) is the component corresponding to [cn −→ · · · −→ c0]. The map sends each natural
transformation τ to the collection (τ ([cn −→ · · · −→ c0 id−→ c0])). We will construct the inverse map in order to prove
bijectivity. Let (m[cn→···→c0]) be an element in the right hand side. Its inverse image is the transformation Cn(c) −→ M(c)
sending [cn −→ · · · −→ c0 k−→ c] to M(k)(m[cn→···→c0]). For naturality, let us consider a morphism l : c −→ d and the
diagram
[cn −→ · · · −→ c0 k−→ c] ∈ Cn(c)

Cn(l) / Cn(d)

∋ [cn −→ · · · −→ c0 lk−→ d]
M(k)(m[cn→···→c0]) ∈ M(c) M(l) / M(d) ∋ M(lk)(m[cn→···→c0])
Observe that thesemaps are inverse to each other. The cartesian product preserves epimorphisms. As themap corresponding
to Hom C(Cn,M ′) −→ Hom C(Cn,M) on left is a product of the epimorphisms on the right, it is epi. This completes the proof
of projectivity of C∗.
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To prove that the complex C∗(C/−) is acyclic, note that the category C/c has a final object (c, c id−→ c). Thus the chain
complex C∗(C/c) is exact for every c ∈ ObC and then C∗(C/−) is an exact sequence of C-modules. 
This implies the explicit computation of the cohomology groups.
Corollary 2.3. Given a C-module M : C −→ Ab we consider the cochain complex C∗(C;M) on C with coefficients in M. An
n-cochain f ∈ Cn(C;M) is a map associating with a sequence cn ln−1 / cn−1 / , . . . , / c1 l0 / c0 an element
f (l0, . . . , ln−1) ∈ M(c0). The coboundary δf ∈ Cn+1(C;M) is defined by
δf (l0, . . . ln) = M(l0)(f (l1, . . . , ln))−
n−1
i=0
(−1)if (l0, . . . , lili+1, . . . , ln)− (−1)nf (l0, . . . , ln−1).
Then Hn(C;M) is the nth cohomology group of this cochain complex.
Remark 2.4. A homomorphism of C-moduleM in a C-moduleM ′ induces a homomorphism from Hk(C;M) to Hk(C;M ′).
If F : C −→ C ′ is a functor, then it induces a homomorphism F∗ from Hk(C ′;M) to Hk(C; F∗M). Those homomorphisms
are obtained from the natural associated homomorphisms of the cochain complexes.
Remark 2.5. Assume that C is a category defined by a group G. Then the C-moduleM becomes a G-moduleM(∗) and
Hk(BG;M) = Hk(G;M(∗)).
Remark 2.6. Let M : C −→ Ab be a C-module. The first cohomology group H1(C;M) is given by the set of equivalence
classes {[f ] | f ∈ C1(C;M), δf = 0}. Thus for c2 l1−→ c1 l0−→ c0 in C we haveM(l0)(f (l1))− f (l0l1)+ f (l0) = 0.
Assume that F : C −→ Ab is a twisted diagram of groups. Then for each pair of morphisms c2 l1−→ c1 l0−→ c0
the composition F (l0)F (l1) differs from F (l0l1) by a conjugation with some element of the abelian group F (c0). Thus
F (l0)F (l1) = F (l0l1) and F defines a functor |F | : C −→ Ab given by |F |(c) = F (c), |F |(l) = F (l).
The following proposition gives an explicit description of the second cohomology group of C.
Proposition 2.7. Let F : C −→ Ab be a functor. Then the group H2(C; F) acts freely and transitively on the set of equivalence
classes of twisted diagrams of groups F : C −→ Ab such that |F | = F .
Proof. Suppose that g ∈ H2(C; F). According to Corollary 2.3, the element g is given by an equivalence class of cocycles{f (l0, l1)}[c2 l1→c1 l0→c0]∈MorC, f (l0, l1) ∈ F(c0)
such that for c3
l2→ c2 l1→ c1 l0→ c0 these elements satisfy the (multiplicative) cocycle formula
F(l0)(f (l1, l2))f (l0, l1l2)−1f (l0l1, l2)f (l0, l1)−1 = 0
which is the cocycle condition defined in 1.1. Two cocycles {f } and {f ′} are equivalent if there exists a cochain {b} ∈ C1(C; F)
such that {f ′} = {(δb)f }.
Each cocycle f defines a twisted diagram of groups F : C −→ Ab given by F (c) = F(c), F (l) = F(l), fl1,l2 = f (l1, l2). If[{f }] = [{f ′}] then F and F ′ differ by a coboundary {δb}; hence F and F ′ are equivalent.
Assume that F ,F ′ : C −→ Gr are equivalent twisted diagrams of groups and |F | = |F ′|. Then the isomorphism
Φ : BF −→ BF ′ is the identity on the local groups and for every morphism l ∈ MorC there exists an element
φ(l) ∈ F (t(l)) = F ′(t(l)) such thatΦ(g, l) = (gφ(l)−1, l). It is straightforward to verify that F ,F ′ differ by a coboundary
{φ(l)}l∈MorC .
Therefore the action of H2(C; F) given by
[{f }][F ′] = [F ′′] such that [{f ′′}] = [{ff ′}]
is well defined, free and transitive. 
Proposition 2.8. LetF : C −→ Gr be a twisted diagramof groups. Then the composition ofF with the functor P : Gr −→ Rep
is a functor.
Proof. Rep (G,H) = Hom (G,H)/Inn (H); then for two composable morphisms l, l′ in C we have PF (l)PF (l′) =
PF (ll′). 
Definition 2.9. Let F : C −→ Gr be a twisted diagram of groups and F −→ Rep the associated functor. We call the
twisted diagram of groups F a lifting of the functor F .
Gr
P

C
F
/
F
=||||||||
Rep
As we noted in Example 1.4, a diagram of connected groupoids yields a twisted diagram of its vertex groups. Then,
according to Proposition 2.8, we obtain a diagram of representations. The geometric version of a diagram of connected
groupoids is a gerbe, which roughly speaking, is a sheaf of groupoids on a connected space X; for details check [1,8]. The
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geometric analogue of a diagram of representations is the so-called lien or band, which was introduced by Giraud in [5].
Given a gerbe one can associate with it a lien, and this construction is analogous to the one described above, which assigns a
diagram of representations to a given diagram of groupoids. Breen in [1] has proved that the obstruction to realizing a given
lien as a gerbe lies in a degree 3 Čech cohomology group of X with coefficients in a certain sheaf of abelian groups. This sheaf
is called the center of a lien; see [5].
A similar problem was considered by Dwyer and Kan in [4]. Let S denote the category of simplicial sets and Ho(S) the
associated homotopy category obtained by localizing with respect to weak equivalences. Given a small category C and a
functor C −→ Ho(S), our goal is to realize it as a diagram in simplicial sets. In order to do this, we have to assume that it is
centric; then one can construct a family of abelian C-modules {αi : C −→ Ab}. If the groups limi+2 αi vanish for i ≥ 1 then
at least one realization exists; for details check [4].
Assume that we have a functor F : C −→ Rep . Does this functor lift to any twisted diagram of groups F : C −→ Gr ?
Is there any classification of such liftings? In order to answer these questions we define an abelian module ZF : C −→ Ab
associated with F . To be consistent with the terminology used by Giraud, we call it the center of the functor F .
Definition 2.10. Let F : C −→ Rep be a functor. One can assign to F a diagram of abelian groups ZF : C −→ Ab, called the
center of F , defined as follows. For c ∈ ObC,
ZF (c) =

l∈MorC
i(l)=c
F(l)−1(Z(F(t(l))))
and for (c
l′−→ c ′) ∈ MorC, the associated homomorphism ZF (l′) : ZF (c) −→ ZF (c ′) is given by
i(l)=c
F(l)−1(Z(F(t(l)))) <

i(k)=c′
F(kl′)−1(Z(F(t(kl′))))
=

i(k)=c′
F(l′)−1F(k)−1(Z(F(t(k)))) F(l
′)−→

i(k)=c′
F(k)−1(Z(F(t(k)))).
Note that an inner automorphism of a group is the identity on the center of this group. Then
ZF : C −→ Ab
is a well defined functor.
The following result is analogous to those proved by Breen, Dwyer and Kan [1,4].
Theorem 2.11. To every functor F : C −→ Rep one can assign in a natural way an obstruction element o(F) ∈ H3(C; ZF )
which is trivial if and only if the functor F has a lifting to a twisted diagram of groups F : C −→ Gr . Moreover, equivalence
classes of such liftings are in bijective correspondence with elements of the group H2(C; ZF ).
Proof. Given the functor F : C −→ Rep , we try to construct a ‘‘2-cocycle’’ {f } verifying the cocycle condition (1.1). We
choose a mapF : C −→ Gr such that P ◦F = F and a cochain {f (l0, l1)}[c2 l1→c1 l0→c0]∈MorC, f (l0, l1) ∈ F(c0) such that
Ad (f (l0, l1))F(l0l1) =F(l0)F(l1).
One can define a unique 3-cochain {d}, assigning to each triple of composable morphisms an element of the center
Z(F(c0)),
d(l0, l1, l2) ∈ Z(F(c0))
satisfyingF(l0)(f (l1, l2))f (l0, l1l2) = d(l0, l1, l2)f (l0, l1)f (l0l1, l2).
We will prove that d is a 3-cocycle with coefficients in ZF : C −→ Ab. We have
d(l0, l1, l2) =F(l0)(f (l1, l2))f (l0, l1l2)f (l0l1, l2)−1f (l0, l1)−1F(l0)(d(l1, l2, l3)) =F(l0)F(l1)(f (l2, l3))F(l0)(f (l1, l2l3))F(l0)(f (l1l2, l3))−1F(l0)(f (l1, l2))−1
d(l0l1, l2, l3) =F(l0l1)(f (l2, l3))f (l0l1, l2l3)f (l0l1l2, l3)−1f (l0l1, l2)−1
d(l0, l1l2, l3) =F(l0)(f (l1l2, l3))f (l0, l1l2l3)f (l0l1l2, l3)−1f (l0, l1l2)−1
d(l0, l1, l2l3) =F(l0)(f (l1, l2l3))f (l0, l1l2l3)f (l0l1, l2l3)−1f (l0, l1)−1.
We will prove that
d(l0, l1, l2)−1d(l0, l1l2, l3)−1d(l0l1, l2, l3)d(l0, l1, l2l3) = F(l0)(d(l1, l2, l3)).
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First note that
d(l0, l1, l2)−1d(l0l1, l2, l3)
= f (l0l1, l2)f (l0, l1l2)−1
F(l0)(l1, l2)−1f (l0, l1)F(l0l1)(f (l2, l3))f (l0l1, l2l3)f (l0l1l2, l3)−1f (l0l1, l2)−1.
Then
d(l0, l1, l2)−1d(l0l1, l2, l3)d(l0, l1, l2l3)
= f (l0l1, l2l3)f (l0l1l2, l3)−1f (l0, l1l2)−1
F(l0)(l1, l2)−1f (l0, l1)F(l0l1)(f (l2, l3))f (l0, l1)−1F(l0)(f (l1, l2l3))f (l0, l1l2l3)f (l0l1, l2l3)−1
= f (l0l1l2, l3)−1f (l0, l1l2)−1
F(l0)(l1, l2)−1F(l0)F(l1)(f (l2, l3))F(l0)(f (l1, l2l3))f (l0, l1l2l3)
and this implies
d(l0, l1, l2)−1d(l0l1, l2, l3)d(l0, l1, l2l3)d(l0, l1l2, l3)−1 =F(l0)(d(l1, l2, l3)).
ClearlyF(l0)(d(l1, l2, l3)) = F(l0)(d(l1, l2, l3)). Then {d} is a 3-cocycle with coefficients in ZF .
If {f ′} is another map satisfying Ad (f ′(l0, l1))F(l0l1) =F(l0)F(l1), then there is unique 2-cochain {b} such that f ′(l0, l1) =
b(l0, l1)f (l0, l1). Note that b(l0, l1) ∈ Z(F(c0)).
Then the 3-cochain {d′} associated with {f ′} is the cochain {d}modified by the coboundary of the 2-cochain {b}, namely
d′(l0, l1, l2) = F(l0)(b(l1, l2))b(l0, l1l2)b(l0l1, l2)−1b(l0, l1)−1d(l0, l1, l2).
Note that F(l0)(b(l1, l2)) ∈ Z(F(c0)). This proves that {b} is a 2-cochain with coefficients in ZF : C −→ Ab, i.e.
{b} ∈ C2(C; ZF ). Thus {d} and {d′} give the same element o(F) ∈ H3(C; ZF ).
Assume thatF ′ : C −→ Gr is anothermap such that P ◦F ′ = F . Then for eachmorphism ofC we haveF ′(l) = Ad (gl)F(l),
where gl ∈ F(t(l)). Suppose that
f ′(l0, l1) := gl0F(l0)(gl1)f (l0, l1)g−1l0 l1
for each pair .
l1 / . l0 / . of composable morphisms in C. Then
Ad (f ′(l0, l1))F ′(l0l1) =F ′(l0)F ′(l1)
and if {d′} is the unique cochain defined by the equationF ′(l0)(f ′(l1, l2))f ′(l0, l1l2) = d′(l0, l1, l2)f ′(l0, l1)f ′(l0l1, l2)
then {d′} = {d}.
Thus the cohomology class of {d} is independent of the choice ofF and f .
Therefore, the functor F : C −→ Rep has a lifting if and only if the element o(F) ∈ H3(C; ZF ) vanishes. This proves the
first part of the theorem.
We will prove that the group H2(C; ZF ) acts freely and transitively on the set of equivalence classes of liftings of F .
Assume that F ,F ′ : C −→ Gr are liftings of F : C −→ Rep . Then for l ∈ MorC there exists an element gl ∈ F(t(l))
such that F (l) = Ad (gl) ◦ F ′(l). Let F ′′ : C −→ Gr be a twisted diagram of groups such that F ′ and F ′′ differ by a
coboundary {gl}l∈MorC . Thus the twisted diagram of groups F ′ : C −→ Gr is equivalent to a twisted diagram of groups
F ′′ : C −→ Gr
F ′′ ≈ F ′
such that for l ∈ MorC,
F ′′(l) = F (l).
The twisted diagram F ′′ is a lifting of the functor F ; thus for each pair of composable morphisms of C,
f ′′l0,l1 = dl0,l1 fl0,l1
wheredl0,l1 ∈ Z(F(t(l0l1))). The ‘‘cocycles’’ {f }, {f ′′} satisfy the cocycle condition; thus for a triple .
l2 / . l1 / . l0 / .
of morphisms in C we have
1 = F ′′(l0)(f ′′l1,l2)f ′′l0,l1 l2(f ′′l0 l1,l2)−1(f ′′l0,l1)−1
= F (l0)(dl1,l2)dl0,l1 l2(dl0 l1,l2)−1(dl0,l1)−1F (l0)(fl1,l2)fl0,l1 l2(fl0 l1,l2)−1(fl0,l1)−1
= F (l0)(dl1,l2)dl0,l1 l2(dl0 l1,l2)−1(dl0,l1)−1.
This proves that F (l0)(dl1,l2) ∈ Z(F(t(l0))) and then d is a cocycle
{d} ∈ C2(C; ZF ).
The map d is a 2-cocycle whose cohomology class is independent of the choice of {f } and {f ′′}. Its vanishing implies that F
is equivalent to F ′′.
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Conversely given a lifting F and a 2-cocycle {dl0,l1}, the formula
f ′′l0,l1 = dl0,l1 fl0,l1
defines a ‘‘cocycle’’ {f ′′} verifying the cocycle condition and this gives a twisted diagram of groups F ′′ : C −→ Gr . Thus it
defines an action
[{d}][F ] = [F ′′]
of the group H2(C; ZF ) on the set of equivalence classes of liftings of F . If [{d}] = 1 then [F ] = [F ′′].
This proves the second part of the theorem. 
3. Extension of twisted diagrams of groups
Extension of groups. Let G be a group and BG the small category defined by G. As we have observed in Proposition 1.16,
there is a bijective correspondence between the equivalence classes of extensions over G and equivalence classes of twisted
diagrams of groups onBG.
Remark 3.1. Let F : BG −→ Rep be a functor such that F(∗) = N . Then F is a homomorphism of groups F : G −→ Out (N).
TheBG-module ZF : BG −→ Ab defined in 2.10 is a homomorphism ZF : G −→ Aut (Z(N)).
Therefore Theorem 2.11 reduces to the classical case [3,9].
Proposition 3.2. Let F : G −→ Out (N) be a homomorphism of groups. Then F comes from an extension N  G  G if and
only if a certain obstruction element o(F) ∈ H3(G; Z(N)) vanishes. The equivalence classes of such extensions are in bijective
correspondence with the elements of H2(G; Z(N)).
Proof. Use 2.11 for C = BG and then 1.16. 
Definition 3.3. Assume that G : C −→ Gr andG : C −→ Gr are twisted diagrams of groups defined on the category C.
A surjective homomorphism or epimorphism of twisted diagrams of groups ϕ : G  G is a homomorphism over the identity
of C such that all of the local homomorphisms are surjective, i.e. for all c ∈ ObC,
ϕc : G(c)  G(c).
Definition 3.4. Assume that ϕ : G  G, ϕ′ : G′  G are epimorphisms of twisted diagrams of groups. We say that ϕ, ϕ′ are
equivalent if there exists an isomorphism φ : G −→ G′ over the identity of C such that the following diagram:
G
ϕ
<
<<
<<
<<
<
φ / G′
ϕ′ 



G
commutes.
The following theorem is a generalization of Proposition 1.16.
Theorem 3.5. Let G : C −→ Gr be a twisted diagram of groups. There is one to one correspondence between the equivalence
classes of epimorphismsG −→ G
and equivalence classes of twisted diagrams of groups defined on the classifying category of the twisted diagram of groups G
F : BG −→ Gr .
Proof. Let ϕ : G  G be a surjective homomorphism of twisted diagrams of groups. The homomorphism ϕ is given by a
commutative diagram
BG r /
p◦r
 A
AA
AA
AA
BG
p
~}}
}}
}}
}}
C
We will prove that functor r : BG −→ BG satisfies assertions of Theorem 1.17. Clearly functors p and p ◦ r satisfy these
assertions. Then:
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1. The functor r is onto because the homomorphism ϕ is locally onto. The functors p and p ◦ r are bijections on the object
sets; thus r is a bijection on the object sets.
2. For c ∈ ObC the subcategory Grc = r−1(id c) is the kernel of the local epimorphism ϕc : G(c) −→ G(c); hence it is a
group.
3. • Suppose that Yx ⊂ MorBG(c, c ′) such that r(y) = x. Suppose that g ′ ∈ Grc′ and assume that gy = y. Since Grc′ ⊂ G(c ′),
then g ′y = y implies g ′ = 1. For y1, y2 ∈ Yx there existsg ∈ G(c ′) such thatgy1 = y2. Then r(g)x = x, which implies
thatg ∈ kerϕc′ = Grc′ .• The homomorphism ψ ry : Grc −→ Grc′ is induced by the following diagram:
Grc
ψ ry

/ / G(c)
ψ
pr
y

/ / G(c)
ψ
p
r(y)

Grc′ / / G(c ′) / / G(c ′)
According to Theorem 1.17, the epimorphism ϕ : G −→ G yields a twisted diagram of groups Fϕ : BG −→ Gr .
Moreover Fϕ(c) = ker(G(c)  G(c)) for all c ∈ ObBG = ObC.
Let Fϕ : BG −→ Gr be a twisted diagram of groups defined on the category BG. Assume that r : BFϕ −→ BG and
p : BG −→ C are the associated projections. Then, by Proposition 1.18, the composition p ◦ r : BFϕ −→ C defines a
twisted diagram of groups
BG
p
"E
EE
EE
EE
E
≃ / BFϕ r /
p◦r

BG
p
|yy
yy
yy
yy
y
C
Therefore we obtain a commutative diagram
BG /
p  AAA
AA
AA
BG
p
~}}
}}
}}
}}
C
which defines a surjective homomorphism of twisted diagrams of groupsG  G.
By Remarks 1.19 and 1.20, for c ∈ ObC = ObBG there exists an extension of groups
Fϕ(c) G(c)  G(c)
and the diagram
BFϕ
r

≃ / BG
p

/ BG
p

BG
p / C
= / C
which defines a sequence of homomorphisms of twisted diagrams of groups
Fϕ −→ G −→ G.
Clearly homomorphisms ϕ : G −→ G, ϕ′ : G′ −→ G are equivalent if and only if the associated twisted diagrams of
groups Fϕ : BG −→ Gr , F ′ϕ′ : BG −→ Gr are equivalent. 
The following theorem is a corollary from Theorems 2.11 and 3.5.
Theorem 3.6. Let G : C −→ Gr be a twisted diagram of groups and F : BG −→ Rep be a functor. Let ZF : BG −→ Ab be the
center of F defined in 2.10. Then:
1. there exists an epimorphism G −→ G of twisted diagrams of groups such that the associated twisted diagram of groups
F : BG −→ Gr is a lifting of F if and only if a certain element o(F) ∈ H3(BG; ZF ) vanishes;
2. the set of equivalence classes of such epimorphisms is in bijection with H2(BG; ZF ).
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